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Two phases of the direct problem of the study of degree of convergence of a sequence of functions approximating to a given function are (i) proof of the existence of a sequence approximating with a certain degree of convergence and (ii) study of the degree of convergence of a sequence defined by a specific method. We are here concerned with the second phase of the problem : THEOREM 1. Let the function f {z) be analytic and of class L(p, a) in the annulus 7 P :p>|s| >l/p<l, where p is given. Let where M is independent of n and z.
The polynomial p n {z) may be defined by the equation
for z in the annulus l>r>|s| >l/r; the function f{z) is assumed analytic for r>|s| >l/r, continuous for riâjs| <èl/r. In particular, if f(z) itself is here chosen as a polynomial P n (z) in z and 1/z of degree n, the interpolating polynomial p n (z) must coincide with P n (z), so we have for r>|s| >l/r
Return to the original function f(z) in (2) with subtraction of (3) from (2) When \t\ =p>l, we have |/ w /(* 2w+1~-"l)| <m/p n } where m is independent of / and n, and we have a similar relation for |/| ^l/p, so inequality (5) and equation (4) with r=p yield the conclusion of the theorem, p^O.
Suppose now that f(z) is of class L(p, a) in the annulus p > | z\ > 1/p, where p is negative; we have by definition (r<p) I ƒ(*)! Stf-Cp-r)*-for \z\ =r>l and for |z| «l/r, where JV is independent of z and r. If we set r -r n~( l -l/n)p directly in (2), we also obtain the conclusion of the theorem; compare §3 of the paper already mentioned. The proof is now complete.
The degree of approximation asserted in Theorem 1 is also the degree of approximation obtained (loc. cit.) for the partial sums of the Laurent series for ƒ(z).
Uf(z) is an arbitrary function continuous on 7, and if for the polynomials t n (z) in z and l/z of degree n of best approximation to f(z) on 7 in the sense of Tchebycheff we have There can be developed extensions of the above results to approximation on an arbitrary analytic Jordan curve or on more general point sets bounded by analytic Jordan curves, by rational functions with poles in prescribed points or uniformly distributed on given curves. The present results are intended primarily as illustrations of this general theory.
